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ABSTRACT

This paper presents a new geometric notation for the
description of the kinematic of open-loop. tree and
closed-loop structure robots. The method is derived
from the well-known Denavit and Hartenberg (D-H)
notation, which is powerful for serial robots but
leads to ambiguities in the case of tree and closed~-
loop structure robots. The given method has all the
advantages of D-H notation in the case of open-loop
robots,

1. INTRODUCTION

Many methods are available for the description of
the geometry of robots with open-chain mechanism [1].
The most common use is the elegant D-H method [2].
The D-H method is dealing with links with only two
joints. The definition of a joint with respect to

the preceeding one is carried out by means of 4 pa-
rameters. The use of D-H notation in robotics has
facilited greatly all the modeling problems (geome-
tric kinematics, and dynamics) [3]. The D-H notation,
powerful and useful as it is, however, is still
hampered by certain difficulties. In fact, the appli-
cation of the D-H notation to robots with links
having more than two joints is difficult and leads

to ambiguities [4].

Sheth and Uicker (S8-U) [4] has developed another
notation which describes each link by 7 parameters.
The S-U method can be used to describe any mechanism,
but owing to its complexity it has been applied only
for the closed-loop robots [5].

In this paper we propose a new geometric notation
which can be used for both the closed and the open-
loop robots., It has all the advantages of D-H nota-
tion when used for open-chain robots, and can easily
be used for the closed-loop robots. In the case of
links with 2 joints, 4 parameters are needed to
describe a joint with respect to the preceeding one,
while 2 additional parameters may be needed in the
case of links with more than two joints.

In the following two sections we will present the
D-H and the S-H notations. The proposed notation
will be presented in section 4. Two examples will be
given in section 5 to illustrate the given notation.

2. DENAVIT AND HARTENBERG NOTATION [1]

This method is the most popular in the robotics
world. It can be used only in the case of serial
robots. A robot is composed of n+l links, link O is
the fixed base, and link n is the terminal link,
joint (i) connects links (i-1) and (i}. A coordinate
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frame Ri is assigned fixed with respect to link (i).
The axis of joint (i) is supposed along Ei-l while
the Ei axis is defined as the common perpendicular

to Ei—l and 54 (Fig. 1-a).

The 4x4 transformation matrix which defines frame (i)

with respect to frame (i-1) is obtained as function

of 4 parameters (Gi,ri,di,ai) (Fig. la). This matrix
i :

denoted by -1Ti is equal to :

l_1'1‘_ = Rot(Z,0.) Trans{Z ,r.,) Trans(X,d,) Rot(X,c.)
i i i i i

cos O, |-sin B, cos 0, sin 9, sin a, | d, cos @,
i i i it i i

|
]
=igin O, , cos B, cos a,'-cos 6. sin o, 1 d, sin 6, [ (1)
i} i il i iy i i
g I sin o ! cos o ! r,
! i
e e e e m———= [ U
@ I @ ' @ ' 1

If joint (i) is rotational, the joint variable qi is

equal to ei, while qi= ri if joint (i) is prismatic.

Hence q.= (i~0,) 8.+ 0.r, where 0.=#& if joint (i)
i it i Tid i
is rotational and 0,= 1 if joint (i) is prismatic.

The geometric model of a serial robot can thus be
obtained by the successive multiplications of the
transformation matrices

° _ i n-1

Tn = °Ti T2 e Th (2)
It is to be noted that the frame (n) can be always
defined such that the D-H constant parameters of

frame (n) are equal to zero.
Two remarks are to be given about the D-H notation :

i) The definition of the axis of joint (i) as Ei—l

is sometimes confusing, for this reason some people
[6-71 find more convenient to define the axis of
link (i) as 2., but as a result of D-H notation the
coordinate frame fixed with link (i) will be R,
(FPig. 1-b) which, in our opinion, is moxe confusing
than the first case.

ii) It is impossible to use D-H notation as it is in
the case of closed-loop structure, and not even in
the case of tree structure. For example consider the
situation shown in Fig. 2 which shows 3 rotational
joints on a tree structure. Owing to D-H notation :

. Ro is defined such that Eo is the axis of joint (1}.

. Traversing from joint 1 to joint 2 will lead to
define a cooxdinate frame R1 fixed with respect to

link (1), where 2, ig the axis of joint 2. The varia-

1
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Figure 2. Ambiguities of D-H notation

ble of joint.1 is 8; and it is the angle between X;
and 5;.al,d1,r1 can be defined as usual.

. Now traversing from jeint 1 to joint 3 another
frame is to be defined with Z is the joint 3 axis’

and is fixed also with respect to link (1). This
frame is defined by some (0,r,0,d) parameters but
what subscripts do we have to assign for these para-
meters ?

A solution may proposed by the use of double subs-
cripts such that when traversing from joint 1 to
joint 2 the parameters will be denoted by (fizri2,
or2,d12) and by (Bi13,r13,d13,d13) when traversing
from joint 1 to joint 3,the joint variable qi will
be 8, or 813, an additional constant parameter
which specifies the relation between 8,, and 8.3 is
to be defined, i.e.

B12 = 013+ Y13 (3)

Ancther confusion is still taking place because we
have always two frames fixed with respect to link 1.
How to call them R3p; and Ri3 ? At any case the fra-
me (i) is no more fixed with respect to link i. We
see from that simple example that D-H notation will
loose one of its best advantage which is its simpli-
city. And the mathematical formulas used in the ro-
bot modeling (geometric-kinematics and especially
dynamics) will not be handy.
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Figure 3. Sheth and Uicker parameters

3. SHETH AND UICKER NOTATION [4]

Owing to the inefficiency of the D-H notation in
representing the closed loop structure, Sheth and
Uicker have developed another notation system,
where each transformation matrix is composed of two
parts :

i) a constant part specifying the shape of the link.

ii) a distinct variable part representing the joint
motion.

Consider (Fig.3) which shows two successive links,
each joint contains two coordinate systems.
The first denoted zﬂ Xj Eﬁ is an arbitrarily chosen

system with Eﬁ is the joint axisg, fixed with respect

to link (Jj) and may be thought of as locating the
position of the joint element Rj—. The other coor-

dinate system Ej zj Ej is also defined fixed in the
mating Jjoint element Rj+. It is chosen such that Hﬂ
lies along the joint axis Eﬂ' but Ej and Yj are

arbitrarily oriented.



The motion of the joint (j) is designated by qj.

Now, it is necessary to define the parameters which
describe the shape of the link and also the parame-
ters which describe the joint motion.

3.1. Shape Matrix

The shape of each link (such as link (j) in Fig. 3
for example), is specified by the relative orienta-
tion between the coordinate system R.+ at the

"begining” of the link and ~ at the "following"
end, To determine the constant shape parameters for
a link, the common perpendicular is found between
the two axes W, and Z, . This common perpendicular
is assigned an arbitrary positive direction and is
denoted as t,, . Six parameters are required to
define the sﬂape of each link. They are defined for
link (j) as shown in (Fig., 3) according to the fol-
lowing conventions :

a distance from Hﬁ to measured about t,

z,

ik ik
ajk= angle from positive W, to positive Z measured
about t, J —*
jk
b. = dist
3K istance from tjk to gk measured about Zk
= a £ iti
Bjk anle rom tjk to positive §k measured about
.—}(
rjk= distance from gﬁ to tjk measured along Ea
jk= angle from positive U. to positive t.k measu-
red about Ej J J
F.k is the shape matrix of link (Jj) for the path
£25m joint (3) to joint (k), its general form is :
+
J
T~ =
k jk

i t 4
Cy., C - Ci s - -
Yok o Yk sjkl JENE I IENE T e N e
c8. 5B, s = <Y, =~
syjk Jk+CYj cnjk Jk: cY;kcajk [o/ jksYHRSBjﬁ jksujk{ajksyjk bjkcyjksaj
Sa, CB Ca

ix>F 5K | %) Iyt P

3.2. Joint Matrix
The joint matrix will be denoted by Vj(qj) where qj

. .th | . . .
is the j joint variable. For a kinematic Jjoint
(j) having the coordinate systems Rj— and Rj+ atta~

ched to its preceeding and following elements res—
pectively, the transformation between these coor-
dinate systems is given by : V.(g.). Two cases are
to be considered : J

Rotational joint : the joint variable g, is given
by the angle between §ﬁ and Hj and is cdnsidered

positive conterclockwise about vositive Eﬂ.

Hence,
I .
T.+ = . o= L .
j+ Vj(qj) cos q] sin qj g @
sin q;  cos q, ¢ b (5)
1] g 1 &
] g & 1

Prismatic joint : the joint variable qj is the

distance between zj and Hj measured along Ej' and
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is positive if in the direction of positive Ej'

Hence,

o4 = -

Tj+—vj(qj) 1 ¢ ¢ B
g1 8 8 6)
LY
6 o ¢ 1

3.3. Transformation Matrix ka

The transformation matrix JTk between the coordinate

systems Rj- and Rk~ shown in (Fig. 3) is given by
j

T v.(q.) F.

k 3% Tk
The S-U notation has been used to study the closed-
loop robots [5]. But as we see it is not convenient
to use for a system where D-H can be used i.e. in

the case of a serial robot. The complexity of this
notation has been pointed out by Roth [8].

4, The Modified Notation

4.1.

The aim of the new notation is to define a method
which can be used easily and without ambiguity in
the closed-loop robots. We think that this aim has
been fulfiled and we will show that the given nota-
tion can be used also for the open-loop robots as
easy and general as that of D~H notation.

Introduction

The proposed method defines the transformation ma-
trix in the case of two-joint link by the use of 4
parameters as in the D-H notation. In the case of
links with more than two joints two additional para-
meters may be needed.

The proposed notation is defined such that :

.

The axis of joint (i) will be z,

The coordinate frame R, (0,,X.,Y.,2,) is fixed
i i'=ifeifE

with respect to link (i)

The parameters which lead to define frame (i) will
have (i) as subscript.

on the base of these assumptions we see that the
ambiguities seen in section 2 can be aveided (Fig.4).

In order to find the parameters necessary to define
the links frames we consider the following three
cases open-loop robots, tree-structure rcbots and
closed-loop robots.

> g

”
Figure 4, Principe of the new notation



4,2, Open-loop Robots

The system is composed of n+l links, link (0) is
the fixed base, while link (n) is the terminal link.
Joint (i) connects link (i-1) and link (i).

Let :
R. the fixed frame with respect to link (i)
i

Ei the axis of joint (i)

X. will be defined on the common perpendicular of
-1

2y and 2y

The following parameters are required to define the
(Fig. 5)

(Fig. 5).

frame (i) with respect to frame (i-1)

figure 5., The new notation for a binary link

o, angle between Z,
i —i-1
di distance between Oi—

and 7z, about X,
—-i —i-1

1 and Zi

r, distance between O, and X,
i i —i-1

0, angle between X, and X, about 2z,
i —~i- =i —i

1
The variable of joint (i) denoted by q, is 8, if (i)
. : . . . . 1

is rotational and r if (i) is prismatic., Hehce

a =61 -0)) +xy 0y

where 0.= & if joint (i) is rotational and Oi= 1 if
joint (I) is prismatic.

The transformation matrix l-lTi is equal to :

i-1

Ti = Rot(x,ai)Trans(X,di)Rot(Z,Si)Trans(Z,ri)
| s i |
coseiI 51n6i " @ : di
cosa,sinb, | cosa, cosb,! —sina |-r, sina, (7}
= i i i iy i i i
sinu.sinS.’sina.cosG,‘ cost, ! r. cosa,
i if i i iy i i
_____ R g
@ ! p N B 1

It is to be noted that :

- RO can be defined always such that Ro = R; when

g1 = & which means that : o1 = d; = &1 = 2 ,where
q, =8, 0, +r. (1 -0,

i i 7i i i
- zn can be taken along §n_1 if Q= 2, which means
that §n= 2z,

The proposed notation is similar to that of D-H. In

fact it is to be noted that (ei'ri'ai+1'di+1) of the

1177

modified notation are respectively (ei,ri,ui,di) of
D-H.

It has been noted that this definition of the frame
R, fixed with link i such that Z, is along the axis
ot joint (i), leads also to simplify the dynamic
model of the robot [9].

The geometric model of the robot will be obtained by

the successive multiplications of the transformation

matrices :

or = op iy, .., "lp (8)
n n

4.3, Tree-Structure Robots

The system to be considered in this case is composed
of n+l links, n joints and m end effectors.

The links and the joints will be numbered as follows
(Pig. 6)

..

L

Figure 6. A tree-structure« robot

1

- the base will be considered as link @

- the numbers of links and joints are increasing
at each branch when traversing from the base to
an end effector

~ link (i) is articulated on joint (i), i.e. joint
(i) connects the link (a(i)) and link (i), where
a(i) is the number of the link antecedent to link
(i) when coming from the base

- frame (i) is defined fixed with respect to link
(i), and Zi is the axis of joint (i).

In the case of a link with two joints the frame at

the end of this link, say j,will be defined with

respect to the frame at the begining of the link,

say i = a(j), exactly as in the case of open-loop

robot described previously, i.e by the aid of 4 pa-

rameters (a.,d4,,0, ,r ). X, is the common perpendicu-
>3 o3 3 T

lar on Z, and Z .
—i ]

In the case of links with more than two joints
(Fig. 7), we define the different frames as follows

~ find the common perpendiculars to Z, and each of
the succeeding axis,on the same link }i{,gj where
i=a(j) (3 =%, m...).

- let cne of these common perpendiculars be the X,
axis, it is prefered to take X, as that correspon-
ding to the common perpendicular of the joint on
which is articulated the longest branch,say k,



- the other perpendiculars will be denoted by X!,
X£9"’ Thus some other auxiliar frames Ri(oi,x!,Y!,
=it=i

gi) will be defined fixed with respect to link (i).

The matrix lT will be defined by the use of 4 para-
meters (o ,4 ,x, ,0 )} as in Eg. (7). The other succe-
eding frames R, (i = %,m, ...) will be defined in
general by thejfollowing parameters (Fig. 7) :

p.o

Figure 7., New parameters for a link with
more than two joints
angle between Xi and Xi about Z,
— — —i
distance between Oi and Oi
and 7. about X!
= 25

J
J
. angle between Z,
3j —i
3 distance between Oi and gj

D e M =<

angle between Ei and §i about Zj

L

distance between Oj and Xi

J

J 1

In this case T, will be defined by

- -y

T. = T, T,
J i J

wherxe

lTy
i

I

Rot(Z,Yj) Trans(Z,Ej)

cosY *sian ¢ @
= sian cosy, ¢ @
@ g 1 e

. .

and lTj is identical to * 1Ti given in (Egqg. 7). The
T

parameters of lT, will have the subscript (3).

1, . ) .
The matrix Ti' is the unity matrix when both ej

and Yj are equal to zero.
It is to be noted that the frames Ri, RY,... are
i

used only to define the new parameters when more
than two joints are connected on the same link, but
will not be used in developping the mathematical
models where we directly use iTj"

The description of an end effector in the fixed

frame R will be obtained by the successive multipli-
cation of the matrices leading from the base to that
end effector.

4.4, Cleosed-Loop Robots

The system in this case 1s composed of n+l links, m
end effectors, and & joints. Thus the number of
closed-loop is equal to b=%-n.

To get the transformaticn matrices, we define at
first a tree-structure equivalent to the system by
cutting each closed-loop through one of its joints.
Many methods are available to show where the cutting
process may take place [5,10,11], For the purpose of
this paper the cutting process can be assumed arbi-
trarily.

Once the equivalent tree-structure is defined the
links and joints will be numbered as described in
section 4.3, while the cut joints will be numbered

from (n+1) to 4.

The links fixed frames of the equivalent tree struc-
ture will be defined as in section 4.3. Additional
2b frames will be defined fixed on the links which
are connected by the cut joints. If (j) is the num-
ber of an opened joint, the corresponding additional
frames defined on the links on both sides of that

joint will be denoted by Rj and Rj+b (their Zz axis

is along the joint (J) axis) (Fig. 8).

Z
4 =3+b

Figure 8. Cutting a loop at joint (3)

If the additional frame R, is fixed on the link (i),

and Rj+b is fixed on linkj(k), then Rj and Rj+b will

be defined with respect to Ri and as usual, and
the parameters will get the sSubscript (J) and (j+b)
respectively. These parameters are constants, fur-
thermore ej,e ;X can always be taken egual

3467797 54b

i .= X, d X. = .
to zero by taking §j §1 an §j+b zk .
We can define the transformation matrix JTj+b from

one side of a cut joint to the other side, by the
use of two parameters, one beeing the joint variable
qj. These parameters will be denoted by

., = angle between X, and X,_ about Z,
°3 g =] —jtb =3
T. = distance between 0, and O, along 2.,

j © 3o j+b g5
The transformation matrix Tj+b is defined by
jTj+b = Rot(Z,pj) Trans(ZyTj)

cosp, -sinp, © &
J 3
: (10)
= 51npj cospj @ [l
@ 1 T,
st 3
@ 0} g 1 5
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If joint (i) is rotaticnal pj = qj and 1f (i) is

prismatic Tj = qj.
The relations between the joints variables of a
closed-loop will be obtained by expressing that the
product of all the transformation matrices around
the loop is equal to unity.

The transformation matrix between any two frames can
be obtained by the multiplication of all the trans—
formation matrices connecting these frames.

5. EXAMPLES

In this section we give the geometric parameters
corresponding to a serial robot (Stanford) and a
closed-loop robot (Hitachi HPR).

5.1. The geometric parameters of the Stanford mani-
pulator, Fig. 9

This robot is a six degree of freedom robot, it has
an open-loop structure. Applying the technique deve-
loped in section 4.1, we get the parameters of the
robot ‘as follows :

i o] ad 9 x g
1 1} o} 81 @ o]
2 -90 9] 02 RL2 2
3 90 & o r3 1
4 0 0} By o} ¢
5 | -90 4] 65 @ @
6 | +90 1) Be o} 4]

5.2. The geometric parameters of Hitachi HPR Robot

This robot contains a single closed loop (Fig. 10)
applying the new notation, the pafameters of the
robot are obtained as follows +“The loop has been
opened at joint 8 betwee? link 4 and link 5., ps is
gg and Tg is equal to 8.

a(i) i N £ o et 6 x o]
@ 1 ] @ [ ] 6] 9 o]
1 2 ) % |-90 4] 62 9 9]
1 3 @ # |-90 4] B3y O ]
2 4 @ o) @ dy By @ @
3 5 @ @ @ ds 6s{ B @
5 6 @ @ ® de e | © o
6 7 @ o] 90 ] 67| # P
4 8 ) @ $ jde=ds | @ ) @
5 9 ) @ P |do=-% @ 4 )]

Fig.9 Stanford Manipulator

2,

6. CONCLUSION

This paper presents a new notation which can be used
to describe the open-loop robots and the closed-loop
robots with a minimum of parameters and without am-
biguities or difficulties. The method is derived
from the popular D-H method.

The paper shows how to get the transformation matri-
ces of any robotic mechanism by the use of the pro-
posed method. A FORTRAN program has been developed
to derive the symbolic transformation matrices au-~
tomatically between any two frames of the system,
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