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ABSTRACT 

This   paper   p resents  a new geomet r i c   no ta t ion   fo r   t he  
descr ipt ion  of   the  kinematic   of   open-loop.   t ree   and 
c losed- loop   s t ruc ture   robots .  The mechod is derived 
from t h e  well-known Denavit  and  Hartenberg (D-H) 
notation,  which i s  powerful   for  serial robo t s   bu t  
l e a d s   t o   a m b i g u i t i e s   i n   t h e   c a s e   o f  tree and  closed- 
loop s t ruc tu re   robo t s .  The given method h a s   a l l  the 
advantages  of D-H no ta t ion   in   the   case   o f   open- loop  
robots .  

1 INTRODUCTION 

Many methods are a v a i l a b l e   f o r   t h e   d e s c r i p t i o n   o f  
the  geometry  of  robots w i t h  open-chain mechanism [ I ] .  
The most common use i s  the   e l egan t  D-H method [ 2 ] .  
The D-H method is  dea l ing   w i th   l i nks  w i t h  only two 
j o i n t s .  The d e f i n i t i o n  of a j o i n t   w i t h   r e s p e c t   t o  
the preceeding  one is c a r r i e d   o u t   b y  means of 4 pa- 
rameters. The use  of  D-H n o t a t i o n   i n   r o b o t i c s   h a s  
f a c i l i t e d   g r e a t l y  a l l  the  modeling  problems (geome- 
t r i c  kinematics,  and  dynamics) [ 3 ] .  The D-H no ta t ion ,  
powerful  and  useful as it is, however, is still  
hampered  by c e r t a i n   d i f f i c u l t i e s .   I n   f a c t ,  the appl i -  
ca t ion   o f   t he  D-H n o t a t i o n  t o  robots  w i t h  l i n k s  
having more than two j o i n t s  is  d i f f i c u l t  and  leads 
to  ambigui t ies  [ 4 ] .  

Sheth  and  Uicker (S-U) [ 4 ]  has  developed  another 
no ta t ion  which descr ibes   each   l ink  by 7 parameters. 
The S-U method  can  be  used t o  describe  any mechanism, 
b u t  owing t o  i t s  complexity it has  been  appl ied  oniy 
for   the   c losed- loop   robots  [5 ] .  

In   t h i s   pape r  we propose a new geometr ic   notat ion 
which  can  be  used  for  both  the  closed  and  the open- 
loop  robots .  I t  has  a l l  the  advantages  of  D-H nota- 
t i o n  when used   for   open-cha in   robots ,   and   can   eas i ly  
be  used  for   the  c losed-loop robots. I n   t h e  case of 
l i n k s   w i t h  2 j o i n t s ,  4 parameters are needed t o  
descr ibe  a j o i n t   w i t h   r e s p e c t  to  the preceeding  one,  
while 2 addi t ional   parameters  may be  needed i n   t h e  
case o f   l i nks   w i th  more than t w o  j o i n t s .  

In   the   fo l lowing  two s e c t i o n s  we w i l l  p r e s e n t  the 
D-H and the S-H nota t ions .  The proposed  notation 
w i l l  be   p re sen ted   i n   s ec t ion  4. Two examples w i l l  be 
g iven   i n   s ec t ion  5 t o   i l l u s t r a t e   t h e   g i v e n   n o t a t i o n .  

2. DENAVIT AND HARTENBERG NOTATION [ 1 ] 

This  method is t h e  mos t   popu la r   i n   t he   robo t i c s  
world. I t  can be used   on ly   i n   t he   ca se   o f   s e r i a l  
robots .  A robot  i s  composed o f   n + l   l i n k s ,   l i n k  0 is 
t h e   f i x e d   b a s e ,   a n d   l i n k  n i s  t h e   t e r m i n a l   l i n k ,  
j o i n t  (i) connects  l inks  ( i-1)  and (i).  A coordinate  

frame R .  i s  a s s i g n e d   f i x e d   w i t h   r e s p e c t   t o   l i n k  (i).  

The ax i s   o f   j o in t .  (i) is supposed  along Z . while 

t h e  X. a x i s  is d e f i n e d   a s   t h e  common perpendicular  
-1- 1 
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t o  Li-l and Z . (Fig.  1-a) . 
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The 4x4 t ransformation  matr ix  which defines  frame (i) 
w i t h   r e s p e c t   t o  frame  (i-1) i s  obtained as func t ion  
of  4 parameters  (f3.pr.,di,ai)  (Fig. l a ) .  This   matr ix  

denoted  by i-lTi is e q u a l   t o  : 

'-'T. = Rot(2 ,e . )   Trans(2   , r . )   Trans(X,d i )   Rot (X,a i )  

cos 8 .  1-sin 8 .  cos  a.1 s i n  8 s i n  ai ; di cos  oi 

1 1  

i 
= (1) s i n  €I ' cos 8 cos a .  '-cos 8 .  s i n  a .  I d .   s i n  8 .  

il i 11 
B I s i n  a .  I cos  a .  I r .  

D l  0 n 0  ' 1  

_ _ _ _  1---'---- 1-- . .+--1--  
I 

I f   j o i n t  (i) is r o t a t i o n a l ,   t h e   j o i n t   v a r i a b l e  q. is 

e q u a l   t o  €Ii, while q .=  r .   i f   j o i n t  (i) i s  pr i smat ic .  

Hence q.= (1-0.) €I.+ u , r .  where 0 . = 8  i f   j o i n t  ( i) 

is ro ta t iona l   and  u , =  1 i f   j o i n t  (i) i s  pr i smat ic .  

The geometric  model  of a serial robot   can  thus  be 
obtained by the   success ive   mu l t ip l i ca t ions  of t h e  
t ransformation matrices : 

1 1  

1 1 1 1  

i n- 1 
'T = OT. T2 ... Tn ( 2 )  

I t  is  t o  be  noted  that   the  frame  (n)  can  be  always 
def ined   such   tha t   the  D-H constant  parameters of 
frame ( n )  are equa l   t o   ze ro .  
Two remarks are t o  be  given  about  the D-H no ta t ion  : 

i) The d e f i n i t i o n   o f   t h e   a x i s   o f   j o i n t  (i) a s  Z.-l 

is sometimes  confusing,   for   this   reason some people 
[6-71 f i n d  more convenient   to   def ine   the   ax is   o f  
l i n k  (i) as Z ,  b u t  as a r e s u l t   o f  D-H no ta t ion   t he  
coordinate   f rame  f ixed  with  l ink (i) w i l l  be Ri+l 
(Fig.  1-b)  which,  in  our  opinion, is more confusing 
t h a n   t h e   f i r s t   c a s e .  

ii) I t  is impossible t o  use D-H n o t a t i o n  as it is i n  
the  case  of  closed-loop  structure,   and  not  even  in 
the  case  of tree s t ruc ture .   For  example cons ider   the  
s i t u a t i o n  shown in   F ig .  2 which  shows3  rotational 
j o i n t s  on a tree s t r u c t u r e .  Owing to  D-H no ta t ion  : 

. R is def ined   such   tha t  5 is the   ax i s  of j o i n t  (1). 

. Traversing  f rom  joint  1 t o   j o i n t  2 w i l l  l e a d   t o  
def ine  a coordinate  frame R1 f i x e d   w i t h   r e s p e c t   t o  

l i n k  (I), where 2 is the a x i s   o f   j o i n t  2. The var ia-  

0 
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Figure 1. Denavit  and  Hartenberg  Notation 

Figure 2. Ambiguities  of D-H no ta t ion  

b l e   o f   j o i n t  1 i s  81 and it is the   ang le  
and   x l .a l ,d l , r l  can be def ined  as usual .  

. Now t r a v e r s i n g  from j o i n t  1 t o   j o i n t  3 
- 

between 20 

another  
frame i s  t o  be  defined  with z is t h e   j o i n t  3 a x i s  

and i s  f ixed   a l so   w i th   r e spec t  t o  l i n k  (1). This  
frame i s  def ined  by some (8,r ,a ,d)   parameters   but  
what subsc r ip t s   do  w e  have t o   a s s i g n   f o r   t h e s e  para- 
meters  ? 

A s o l u t i o n  may proposed  by  the  use of double subs- 
cripts s u c h   t h a t  when t r a v e r s i n g   f r o m   j o i n t  1 t o  
j o i n t  2 the   parameters  w i l l  be  denoted  by (81ar12, 
a.lz,d12)  and by (813,~13,~113,d13)  when t r a v e r s i n g  
from j o i n t  1 t o   j o i n t   3 , t h e   j o i n t   v a r i a b l e  ql w i l l  
be 0 1 2  or 813,  an   addi t iona l   cons tan t   parameter  
which s p e c i f i e s  the re la t ion   be tween 012 and 8 1 3  is 
to  be  defined, i.e. 

e12 = e 1 3  + Y13 ( 3 )  

Another  confusion is s t i l l  taking  place  because we 
have  always two f r a m e s   f i x e d   w i t h   r e s p e c t   t o   l i n k  1. 
How t o   c a l l  them R 1 2  and R13 ? A t  any case t h e   f r a -  
m e  (i) i s  no  more f i x e d   w i t h   r e s p e c t   t o   l i n k  i. We 
see  from tha t   s imp le  example that D-H n o t a t i o n  w i l l  
loose  one  of i ts  best  advantage  which is i t s  s impli-  
c i t y .  And the mathematical  formulas  used i n   t h e   r o -  
bot  modeling  (geometric-kinematics  and  especially 
dynamics) w i l l  not   be  handy. 

Figure  3.  Sheth  and  Uicker  parameters 

3. SHETH AND UICKER NOTATION [ 4 ]  

Owing t o  the i n e f f i c i e n c y  of t h e  D-H nota- t ion  in  
r ep resen t ing   t he   c losed   l oop   s t ruc tu re ,   She th   and  
Uicker  have  developed  another  notation  system, 
where  each  transformation  matrix is composed of  two 
p a r t s  : 

i) a cons tan t   par t   spec i fy ing   the   shape   of  the l i n k .  

ii) a d i s t i n c t   v a r i a b l e   p a r t   r e p r e s e n t i n g  the j o i n t  
motion. 

Consider  (Fig.3)  which shows two success ive   l i nks ,  
each  3oint   contains  two coordinate  sysrems. 
The f i r s t  denoted sj xj gj is an a r b i t r a r i l y   c h o s e n  

system  with 2 ,  is t h e   j o i n t  axis, f ixed   w i th   r e spec t  

t o   l i n k   ( j )  and may bethought   of  as Locating  the 
p o s i t i o n   o f   t h e   j o i n t   e l e m e n t  R.-. The other   coor-  

dinate   system D .  V .  W ,  is a l s o   d e f i n e d   f i x e d   i n   t h e  

mat ing   jo in t   e lement  R . + .  I t  is chosen  such t h a t  W .  

lies along the j o i n t   a x i s  2 .  b u t  U .  and V .  are 
-7 

a r b i t r a r i l y   o r i e n t e d .  
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The mot ion   of   the   jo in t  ( j )  i s  des igna ted   by   9 . .  

Now, it is necessary t o  d e f i n e  the parameters  which 
describe  the  shape  of the l ink   and   a l so  the parame- 
ters which  describe  the  joint   motion. 

3 

3 . 1 .  Shape  Matrix 

The shape  of  each  l ink  (such as l i n k   ( j )   i n   F i g .  3 
for   example) ,  is  s p e c i f i e d  by t h e   r e l a t i v e   o r i e n t a -  
t ion  between the coordinate  system R . +  a t  t h e  

"begining"  of  the  l ink  and %- a t  the "following" 
end. To determine the constant   shape  parameters   for  
a l i n k ,   t h e  common perpendicular  is found  between 
the two axes E. and 5. This  common perpendicular  
i s  ass igned   an 'a rb i t ra ry   pos i t ive   d i rec t ion   and  is 
denoted as t ,k. Six  parameters are r e q u i r e d   t o  
d e f i n e  the &ape  of  each  link. They a r e   d e f i n e d   f o r  
l i n k  ( j )  as shown i n  (Fig. 3 )  according t o  the f o l -  
lowing  conventions : 

a .  = d i s t a n c e  from W. t o  Z+ measured  about t .  

3 

i k  -7 Jk 
a. = angle  from p o s i t i v e  W .  t o  p o s i t i v e  7.+ measured 

-7 Ik about t .  
l k  

b . = distance  f rom t . t o  X measured  about Z 

8 .  = angle  from t .  to  p o s i t i v e  X+ measured  about 
lk ~k -+ -k. 

lk % 3k 

rjk= d i s t a n c e  from U t o  t measured  along W 

y , = angle   f rom  posi t ive U. t o   p o s i t i v e  t measu- 
-j jk  i 

Ik red   about  W -7 j k  
-1 

F .  is the shape  matr ix   of   l ink (j) f o r   t h e   p a t h  
€&I j o i n t  ( j )  to j o i n t  (k), i ts  genera l  form is : 
<+ 
'T- = F .  
k 3k 

3.2. Jo in t   Ma t r ix  

The j o i n t   m a t r i x  will be  denoted  by V .  (q , )  where q 
7 7  j 

is the jth j o i n t   v a r i a b l e .   F o r  a k inemat ic   jo in t  
(j) having  the  coordinate  systems R . -  and  R.+ atta- 

ched t o  its preceeding  and  following  elements res- 
pec t ive ly ,   the   t ransformat ion   be tween  these  coor- 
dinate   systems is given  by : V . ( q j ) .  Two cases a r e  
t o  be  considered : 

R o t a t i o n a l   j o i n t  : the j o i n t   v a r i a b l e   q .  is given 
by  the  angle  between X .  and U . and is cansidered 

posi t ive  conterclockwise  about   Dosi t ive W . .  

Hence, 

3 3 

3 

-7  -7 

-3 

e r 1  er 

P r i s m a t i c   j o i n t  : t h e   j o i n t   v a r i a b l e   q .  is t h e  

d i s t a n c e  between X .  and U .  measured  along W ., and 
7 

-3 -7 -1 

is p o s i t i v e   i f   i n   t h e   d i r e c t i o n   o f   p o s i t . i v e  Ej. 
Hence, 

IT.+ = V . ( q . )  = 1 @ 6 b 
- 
7 3 3  

@ I @ @  (6) 
o e r 1 q .  - - - - - L 1 
@ d B 1  

3 . 3 .  Transformation  Matrix Tk 

The t ransformation  matr ix  j T  k between the   coord ina te  

systems R . -  and %- shown i n  (Fig. 3)  is given  by 

ITk = V . ( q . )  F 

The S-U notat ion  has   been  used t o  s tudy  the  c losed-  
loop   robots  [SI. But as w e  see it i s  not  convenient 
t o  use   for  a system  where D-H can  be  used i .e.  i n  
the case of a ser ia l  robot. The complexity  of t h i s  
no ta t ion   has   been   po in ted   ou t  by  Roth [81. 

j 

3 

J J j k  

4. The Modified  Notation 

4.1. In t roduct ion  

The aim of t h e  new n o t a t i o n  is t o   d e f i n e  a method 
which can be  used  easi ly   and  without   ambigui ty   in  
the  closed-loop  robots.  We t h i n k   t h a t   t h i s  aim has 
been   fu l f i led   and  w e  w i l l  show tha t   t he   g iven   no ta -  
t ion   can   be   used   a l so   for  the open-loop  robots  as 
easy  and  general  as that  of D-H no ta t ion .  

The proposed  method  defines  the  transformation ma- 
t r i x   i n  the case   o f   two- jo in t   l ink  by the   u se  Of 4 
parameters as i n   t h e  D-H no ta t ion .   In   the   case  Of 
l i nks   w i th  more than t w o  j o i n t s  two addi t iona l   para-  
meters may be  needed. 

The proposed  notation is def ined   such   tha t  : 

. The a x i s   o f   j o i n t  ( i) w i l l  be gi 

. The coordinate  frame R i (oi,Xi,yi,zi) is f ixed  

wi th   respec t  t o  l i n k  (i) 

. The parameters  which  lead t o   d e f i n e  frame (i) w i l l  
have (i) as subscr ip t .  

On the base  of  these  assumptions we see t h a t   t h e  
ambigu i t i e s   s een   i n   s ec t ion  2 can  be  avoided  (Fig.4). 

I n   o r d e r   t o   f i n d   t h e   p a r a m e t e r s   n e c e s s a r y   t o   d e f i n e  
the l inks  f rames we cons ider   the   fo l lowing   th ree  
cases : open-loop  robots ,   t ree-s t ructure   robots   and 
closed-loop  robots.  

Figure 4. Pr inc ipe   o f   the  new nota t ion  
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4.2. Open-loop  Robots 

The system is composed of   n+l   l inks ,   l ink  (0) is 
the f ixed   base ,   wh i l e   l i nk   (n )  is the te rmina l   l ink .  
J o i n t  (i) connects   l ink   ( i - I )   and   l ink  (i) . 
L e t  : 

R. the f i x e d  f rame  wi th   respec t   to   l ink  (i) 

Z . t h e   a x i s   o f   j o i n t  (i) 

x. w i l l  be   def ined  on  the common perpendicular  of 

1 

-1 

-1 Z .  and 2. (Fig.  5 ) .  
-1 -1+ 1 

The fol lowing  parameters   are   required t o  def ine   the  
frame (i) w i t h  r e s p e c t  t o  frame (i-1) : (Fig. 5) 

Figure 5. The new no ta t ion   fo r  a b i n a r y   l i n k  

ai angle  between Z and 2. about  zi-l 
d.. d is tance  between 0 and Z 

i- 1 -i 
r .   d i s t a n c e  between 0 and &ii-l 

i 
8. angle  between  and X .  about gi 
The v a r i a b l e   o f   j o i n t  (i) denoted  by  q.  is 8 i f  (i) 
is ro ta t iona l   and  r i f  (i) is prismatic. Hence 

-i- 1 -1 

-1 

i 
i 

qi = 8,(1 - a . )  + ri ai 
where a , =  B i f   j o i n t  (i) is ro t a t iona l   and  U.= 1 i f  
jo i .n t  (i) is pr i smat ic .  

The t ransformation  matr ix  i - l ~ .  is equal  t o  : 

i-lT. = Rot(X,ai)Trans(X,d.)Rot(Z,8.)Trans(Z,ri) 

cosBi; -sin€$' I @'I di 

c o s a . s i n 8 .   ~ c o s a . c o s e . l  -sins. ,-r s i n a  
1 1  1 1 1  1 i  i - ( 7 )  

s ina . s in8   ' s i na . cose .1  cosa. ' r cosu 
1 i l  1 1, 1 1  i i 

- - - - - + - - - -  ----I---- 

I - 

0 ' @  I @ ;  1 i 

I t  i s  to  be   no ted   t ha t  : 

- R can  be  defined  always  such  that  R I R1 when 

51 = a  which means t h a t  : a1 = d l  = q1  =@,where 
q. = 8 .  0. + r . ( 1  - a . )  
- X can  be  taken  along X i f  a= 0, which means 

that  S = s. 
The proposed  notation i s  similar t o   t h a t   o f  D-H. I n  
f a c t  it is t o  b e   n o t e d   t h a t   ( 8 . , r .  

- 

1 1 1  1 

-n -n- 1 

n 

1 r ' a i + l r d i + l  ) of  the 

modi f ied   no ta t ion   a re   respec t ive ly   (Oi , r i , a . ,d i )   o f  
D-K . 
It  has   been   no ted   t ha t   t h i s   de f in i t i on   o f   t he  frame 
R .  f i x e d   w i t h   l i n k  i s u c h   t h a t  Z .  is a long   t he   ax i s  
0% j o i n t  (i) , l e a d s   a l s o   t o  sim&fy t h e  Zynamic 
model o f   t he   robo t  [9 ] .  

The geometric model of the   robo t  w i l l  be   obtained  by 
the   success ive   mu l t ip l i ca t ions   o f   t he   t r ans fo rma t ion  
mat r ices  : 

O T ~  = O T ~ ' T ~  ... n- 1 
Tn ( 8 )  

4.3. Tree-Structure  Robots 

The system t o   b e   c o n s i d e r e d   i n   t h i s   c a s e  is composed 
of   n+l   l inks ,  n j o in t s   and  m end   e f fec tors .  

The l i n k s  and  the  joints  w i l l  be numbered as   fo l lows  
(Fig. 6 )  

the   base  w i l l  be  considered as l i n k  @ 
t h e  numbers  of l i n k s   a n d   j o i n t s   a r e   i n c r e a s i n g  
a t  each  branch when t ravers ing   f rom  the   base  t o  
an  end  effector  
l i n k  (i) is a r t i c u l a t e d  on j o i n t  ( i ) ,  i .e.  j o i n t  
(i) connects   the   l ink  ( a ( i ) )  and   l i nk  ( i) ,  where 
a ( i )  is the number of  the l i n k   a n t e c e d e n t   t o   l i n k  
(i) when coming from the base 
frame (i) is de f ined   f i xed   w i th   r e spec t  t o  l i n k  
(i) , and Z is the a x i s   o f   j o i n t  (i) . 

-i 
I n  t h e  case of a l i nk   w i th  two j o i n t s   t h e  frame a t  
the e n d   o f   t h i s   l i n k ,   s a y   j , w i l l   b e   d e f i n e d  w i t h  
r e s p e c t  t o  the  frame a t  the   begin ing   of  the l i n k ,  
say  i = a (  j )  , e x a c t l y   a s   i n   t h e  case of  open-loop 
robot   descr ibed   prev ious ly ,  i.e by the   a id   o f  4 pa- 
rameters ( a .  d O.,r ). X .  is t h e  common perpendicu- 

l a r  on Z and, Z . 
I n  the case   o f   l i nks  w i t h  more than two j o i n t s  
(Fig. 7)  , w e  def ine   the   d i f fe ren t   f rames  as fol lows 

- f i n d   t h e  common p e r p e n d i c u l a r s   t o  Z_. and  each of 
the  succeeding  axis ,on  the same l i n k  ti), Z j  where 
i = a ( j )  ( j  = k. ,R,m ,... ). 
- l e t  cne  of  these common perpendiculars  be the Zi 
a x i s ,  it is p r e f e r e d   t o   t a k e  X .  as that   correspon-  
ding t o  t h e  common perpendicular   of   the   joint   on 
which is a r t i cu la t ed   t he   l onges t   b ranch , say   k ,  

J '  j '  1. j T. 

i-j 

-1 
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- t he   o the r   pe rpend icu la r s  w i l l  be  denoted  by X :  
X!', ... Thus some other   auxi l ia r   f rames  R ! ( 0 !  X '  Y !  

Z , )  w i l l  be   de f ined   f i xed   w i th   r e spec t   t o   l i nk  (i) . 
-1 

The mat r ix  T w i l l  be   def ined  by  the use of  4 para- 
meters ( %,%,rk,!k) as i n  Eq. ( 7 ) .  The other   succe-  
eding  frames R .  ( 3 = k,m, -. w i l l  be   def ined   in  
genera l  by  the'following  parameters  (Fig. 7 )  : 

-I' 
f -1 J'...l t 

i 
k 

X - 

Figure 7. New parameters   for  a l i nk   w i th  
more than t w o  j o i n t s  

y .  angle  between X .  and X! about  Z ,  
7 -1 --I -1 

E ,  d i s t a n c e  between 0 ,  and 01 
7 

a .  angle  between Z , and Z . about X! 
7 -1 -3 

d ,   d i s t a n c e  between O !  and 2 ,  
7 
8, angle  between X! and. X .  about 2 ,  

-3 

7 -1 -3  -3 
r .  distance  between 0 and X! 

3 
I n  t h i s   c a s e  T .  w i l l  be   def ined by : 
i 

-1 

i j 

T .  = T. ,  T .  
7 1 3  

i i ' I 

where 

IT.$ = Rot(Z,y,)   Trans(Z,E , I  
3 3 

cosy ,  - s h y .  # (d 
3 1 

= s i n y  . cosy ,  # # 
3 7 

# # I E .  

# er 6 1  

- - - - - -  - - -  3 

and T ,  is i d e n t i c a l   t o  T .  given i.n (Eq. 7 ) .  The 

parameters  of T .  w i l l  have  the  subscr ipt  ( j ) .  

The matr ix  T i s  the   un i ty   ma t r ix  when both E 

and y , are equa l   t o   ze ro .  

I t  i s  to   be   no ted   tha t   the   f rames  Ri, R'.', D. a r e  

used   on ly   t o   de f ine   t he  new parameters when more 
than two jo in ts   a re   connec ted  on the  same l ink ,   bu t  
w i l l  n o t  be  used i n  developpiny  the  mathematical 
models  where we d i r e c t l y   u s e  i T  

The descr ip t ion   of   an   end   e f fec tor  i n  t h e   f i x e d  
frame R w i l l  be  obtained by the   success ive   mul t ip l i -  
ca t ion   g f   t he   ma t r i ces   l ead ing  from t h e   b a s e   t o   t h a t  
end   e f f ec to r .  

i '  i- 1 

i '  1 

i '  
i '  3 

1 

i 

j "  

4.4. Closed-Loop  Robots 

The system i n  t h i s   c a s e  i s  composed of  n+l  l inks,  m 
end   e f f ec to r s ,  and k j o i n t s .  Thus t h e  number of 
closed-loop is  e q u a l   t o  b=R-n. 

To ge t   the   t ransformat ion   mat r ices ,  w e  def ine  at 
f i r s t  a t r ee - s t ruc tu re   equ iva len t   t o   t he   sys t em by 
cutting  each  closed-loop  through  one of its j o i n t s .  
Many methods are a v a i l a b l e   t o  show where  the  cut t ing 
process  may take   p lace  [ 5 p  10,111. For  the  purpose  of 
t h i s   pape r   t he   cu t t i ng   p rocess  can be  assumed a r b i -  
t r a r i l y .  

Once the   equ iva len t   t r ee - s t ruc tu re  is def ined   the  
l i n k s  and j o i n t s  w i l l  be numbered a s   d e s c r i b e d   i n  
s e c t i o n  4 . 3 ,  wh i l e   t he   cu t   j o in t s  w i l l  be  numbered 
from ( n + l )   t o  R .  

The l i nks   f i xed   f r ames   o f   t he   equ iva len t   t r ee   s t ruc -  
t u r e  w i l l  be def ined as i n   s e c t i o n  4.3. Addit ional  
2b frames w i l l  be   def ined  f ixed on t h e   l i n k s  which 
are  connected by t h e   c u t   j o i n t s .   I f  ( j )  i s  the  num- 
be r   o f  an opened jo in t ,   t he   co r re spond ing   add i t iona l  
frames  defined on t h e   l i n k s  on bo th   s ides   o f   t ha t  
j o i n t  w i l l  be  denoted  by R .  and R ,  ( t h e i r  5 a x i s  

i s  a l o n g   t h e   j o i n t   ( j )   a x i s )   ( F i g .  8 ) .  
3 I +b 

-m 2 

Figure 8. Cut t ing  a loop a t  j o i n t  ( j )  

I f   t h e   a d d i t i o n a l  frame R .  i s  f i r e d  on the   l i nk  ( i ) ,  
and R .  i s  f ixed  on l ink '  (k)  , then R .  and R .  W i l l  

be   def ined   wi th   respec t   to  R .  and a s  usual ,  and 
the  parameters w i l l  g e t   t h e   s u b s c r l p t  ( J )  and  ( j+b)  
respect ively.   These  parameters   are   constants ,   fur-  
the  rmore 0 , , €I . can  always  be  tak.en  equal 

t o   z e r o  by taking X .  = X .  and Xj+b = X 

We can  define  the  transformation  matrix T .  from 

one s ide   o f  a c u t   j o i n t   t o   t h e   o t h e r   s i d e ,  by t h e  
use  of two parameters ,  one bee ing   t he   j o in t   va r i ab le  
q . .  These  parameters will be  denoted  by : 

3 
p , = angle  between X .  and Ej+b about 2 .  

3 -1 -1 
T ,  = distance  between 0 ,  and 0 .  along Z .  

The t ransformation  matr ix  ' T ,  i s  def ined by : 

I +b I I +b 

1 R k <  

3 3+bfr j   ' r j+b  

-7 -1 -k' . 
3 

I +b 

3 3 I +b -1 

3 +b 

c o s p .  - s i n p .  @ # 
3 1 

= s i n p .   c o s p ,  0 # 
# 

7 

0 
# I ?  

1 

- - _ _  j 



I f   j o i n t  (i) is r o t a t i o n a l  p. = q .  and i f  (i) i s  

p r i s m a t i c  T~ = qj .  

The r e l a t i o n s  between t h e   j o i n t s   v a r i a b l e s   o f  a 
closed-loop w i l l  be  obtained  by  expressing that  the 
product  of all the   t ransformation  matr ices   around 
the   loop  i s  equal  t o  uni ty .  

The transformation  matrix  between  any two frames  can 
be   ob ta ined   by   the   mul t ip l ica t ion   of  a l l  the t rans-  
formation matrices connecting  these frames. 

3 1  

5. EXAMPLES 

I n   t h i s   s e c t i o n  w e  give  the  geometr ic  parameters 
corresponding t o  a serial robot   (Stanford)   and a 
c losed-loop  robot   (Hitachi  HPR) . 
5.1. The geometric  parameters  of  the  Stanford mani- 
pu la tor ,   F ig .  9 

T h i s   r o b o t  i s  a six  degree  of  freedom  robot,  it has  
an  open-loop  structure.  Applying  the  technique  deve- 
l o p e d   i n   s e c t i o n  4.1, we ge t   the   parameters  Of the 
robot  as fol lows : 

i 0 r a d 8  

1 0  

d 0 e 5  0 -90 5 
0 e b d  pr o 4 

O l d @  d 
2 

1 3 1  P( 0 3 9 0  
0 R L ~  8 2  0 -90 

6 0 d 66 # +90 
~ 

5.2. The geometric parameters of   Hitachi  HPR Robot 

This   robot   conta ins  a s ing le   c losed   loop   ( f ig .  10) 
apply ing   the  new n o t a t i o n ,  the parameters Of the 
robot  are obtained  as   fol lows :"The loop  has  been 
opened a t  j o i n t  8 between  l ink 4 and l i n k  5. P s  is 
qs  and 1 8  is e q u a l   t o  0." 

Stanford  Manipulator 

6. CONCLUSION 

This   paper   p resents  a new n o t a t i o n  which  can  be  used 
to  descr ibe  the  open-loop  robots   and  the  c losed-loop 
robots   wi th  a minimum of  parameters  and  without am- 
b i g u i t i e s   o r   d i f f i c u l t i e s .  The method is der ived  
from  the  popular D-H method. 

The paper shows how to  ge t   t he   t r ans fo rma t ion  matri- 
ces   o f   any   robot ic  mechanism by  the  use  of the pro- 
posed  method. A FORTRAN program  has  been  developed 
t o  der ive  the  symbolic   t ransformation matrices au- 
tomatically  between  any two frames of the  system. 
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